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Abstract
The graph coloring problem isNP-hard in the set of all graphs. In this note we combine two
problem reductions to provide a collection of hereditary classes of graphs for which the graph coloring
problem remainsNP-hard when restricted to it.
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1. Introduction
We shall consider here two classical problems of graph theory:
MSP: Find in G = (V ,E) a stable set S ⊆ V with maximum cardinality. Here a set of
nodes is stable if each edge has at most one node in S. The maximum size of S is the stability
number (G) of G.
MCP: Find in G = (V ,E) a minimum number k of stable sets S1, . . . , Sk , which cover
V (i.e. S1 ∪ · · · ∪ Sk = V ). This minimum number is the chromatic number (G) of G.
MSP is better known as the maximum stable set problem and MCP as the graph coloring
problem. Both are well-knownNP-hard problems [8]. Notice that MCP is usually expressed
as the problem of partitioning the vertices of a graph into a minimum number of stable sets.
Since a subset of a stable set still is a stable set, partitioning or covering the vertices of
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Fig. 1. A2,3,5.
a graph with a minimum number of such sets are equivalent problems. We prefer here
the “covering” version. Moreover, this problem can be further restricted to using only
(inclusionwise) maximal stable sets, since for any covering with stable sets, there is a
covering with the same number of maximal stable sets.
There are close links between MSP and MCP. Indeed Chvátal has shown in [7] that
deciding whether the node set V of a graph G = (V ,E) can be covered by k stable sets is
equivalent to ﬁnding whether an associated graphG′(k) has a stable set S′ with |S′| = |V |;
G′(k) is obtained by taking k copies of G and forming cliques by joining the k copies of the
same node.
On the other hand, Poljak has shown in [14] that deciding whether a graph G has a
stable set with size k can be reduced to ﬁnding whether the node set V ′′ of an associated
graph G′′(k) can be covered by a number f (k) of stable sets. In this paper we intend to
exploit this construction and combine it with some transformations of graphswhich increase
the stability number by one. This will allow us to derive some complexity results which
strengthen some properties related to the complexity of coloring problems.
We use standard notations for graphs: Pk , Ck and Kk are, respectively, a path, a cycle
and a clique (set of pairwise adjacent vertices) on k vertices. Ka,b is a complete bipartite
graph. A tree is a connected graph without cycle and by Si,j,k we denote a tree composed
of a central vertex from which start at most three pending paths of respective lengths i, j
and k. The line graph of a graphG= (V ,E) is the graph L(G) with vertex set E, and with
two vertices adjacent if their corresponding edges have a common vertex in G. The graph
Ai,j,k is just L(Si,j,k), see Fig. 1. Notice that Si,j,0 is a path on i+ j + 1 vertices and Ai,j,0
is a path on i + j vertices. The complementary graphG of G is the graph obtained from G
by replacing each edge by a non-edge, and vice versa. Given graphs G and G′, we denote
byG⊕G′ the one obtained by putting G side by side withG′, without link between them,
and kG is G⊕ (k − 1)G. A partial subgraph of G is a graph obtained from G by possibly
removing some vertices and all the edges incident to these vertices. An induced subgraph
is obtained from G by possibly removing some vertices and all the edges incident to these
vertices. A graph which contains no graph from a (possibly inﬁnite) list {H1, . . . , Hp} as
an induced subgraph is said to be {H1, . . . , Hp}-free. Those classes C of graphs are called
hereditary, in the sense that any induced subgraph of a graph in C is also in C.
Graphs Si,j,k are of particular interest with respect to MSP. Indeed, by using a simple
graph transformation increasing the stability number by one, Alekseev has obtained the
following.
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Theorem 1 (Alekseev [1]). MSP isNP-hard in {G1,G2, . . . ,Gp}-free graphs, where p
is ﬁnite and each Gi has at least one connected component which is not of the form Si,j,k .
In other words, for the class of {G1,G2, . . . ,Gp}-free graphs to have a chance (provided
P =NP) to be a polynomial case of MSP, at least one graph among G1, . . . ,Gp must
have all its connected components of the form Si,j,k . In what follows, we combine this
reduction with the one depicted in [14] to provide a similar result for MCP.
2. Toward some newNP-hard cases
The complexity status of MCP in hereditary classes has received scant interest, though it
is widely studied for MSP (see among other papers, [1–3,5,9,11,13]). The most complete
paper on this topic is probably [12], written by Král’, Kratochvíl, Tuza and Woeginger
in 2001, where the complexity status of MCP is found, for any class deﬁned by a single
forbidden induced subgraph.
Theorem 2 (Král’ et al. [12]). MCP in H-free graphs is inP if H is an induced subgraph
of P4 or P3 ⊕K1, and isNP-hard otherwise.
In the same paper, the authors also characterize the complexity of graph coloring in cases
where two subgraphs are forbidden (many of these cases are proven to beNP-hard and
some of them are proven to be polynomially solvable). The reduction we propose next
will permit to showNP-hardness of some additional cases, with two and more forbidden
induced subgraphs.
We ﬁrst depict in more detail the problem reduction mentioned in the introduction, which
leads from MSP in general graphs to MCP in complements of line graphs of triangle-free
graphs [14]. A vertex cover of a graph G = (V ,E) is a set V ′ ⊆ V such that each edge
has at least one endpoint in V ′. It follows that if V ′ is a vertex cover, then V \V ′ is a stable
set. By MVC we denote the problem of ﬁnding a vertex cover of minimum cardinality and
MCP is the problem of ﬁnding a minimum coloring of the complement G of a graph G,
which may alternatively be viewed as the problem of covering the set of vertices of G with
a minimum number of cliques.
In his paper, Poljak ﬁrst points out that MSP∝MSP in triangle-free graphs (i.e. MSP can
be reduced toMSP in triangle-free graphs), since replacing an edge by a path of length three
permits to remove all triangles from a graphG=(V ,E), while increasing (G) by |E|. This
transformation is a particular case of the transformation used by Alekseev to provide the
general result given in Theorem 1. Next, Poljak gives the following problem equivalences.
LetG= (V ,E) be a triangle-free graph and consider its line graph L(G). Of course the set
of edges incident to a vertex x of G form a clique in L(G). Three adjacent nodes in L(G)
correspond either to a triangle in G, or to three edges incident to some node of G. So if G is
triangle-free, there will be a one-to-one correspondence between maximal cliques in L(G)
and bundles of edges in G. As mentioned in the introduction, MCP amounts to covering
the vertices of a graph with a minimum number of maximal cliques. So the four following
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Fig. 2. Cl(P4).
problems are equivalent:
• MSP in triangle-free graphs,
• MVC in triangle-free graphs,
• MCP in line graphs of triangle-free graphs,
• MCP in complements of line graphs of triangle-free graphs.
So MSP ∝ MCP in complements of line graphs of triangle-free graphs, and, of course,
MCP in complements of line graphs of triangle-free graphs∝MCP, which justiﬁes Poljak’s
reduction.
We now show that Alekseev’s reduction can be combined with those problem equiva-
lences. Denote by L−1(H) the set of graphs without isolated vertices whose line graph
is H.
L−1(H)= {G= (V ,E) : L(G)=H, |N(v)|1 ∀v ∈ V }.
For instance, L−1(P4) = {P5}, L−1(K3) = {K1,3,K3} and L−1(K1,3) = ∅, since K1,3
is not a line graph. We extend this deﬁnition to several graphs in the following way:
L−1({H1, . . . , Hp})=L−1(H1)∪ · · · ∪L−1(Hp). Noticing that any partial subgraphG′ of
a graph G gives rise to an induced subgraph L(G′) of L(G), the following fact is straight-
forward.
Fact 3. Given a graphG= (V ,E),H =L(G) isH ′-free if and only if G contains no graph
in L−1(H ′) as a partial subgraph.
We now deﬁne the closure Cl(G) ofG as the set of all graphs obtained fromG by possibly
adding edges between non-adjacent vertices of G. In Fig. 2, all pairwise non-isomorphic
graphs in Cl(P4) are presented. We also extend this deﬁnition to the Closure of several
graphs: Cl({G1, . . . ,Gp})= Cl(G1) ∪ · · · ∪ Cl(Gp).
Noticing that a graph does not containG as a partial subgraph if and only if it isCl(G)-free,
we have:
Fact 4. L(G) is H-free if and only if G is Cl(L−1(H))-free.
We now prove the following lemma.
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Lemma 5. MSP isNP-hard inCl(L−1({H1, . . . , Hp}),K3)-free graphs,where p is ﬁnite
and each Hi has at least one connected component which is not of the form Ai,j,k .
Proof. According to Theorem 1, we only need to show that the set of graphs Cl(L−1
({H1, . . . , Hp})) is ﬁnite and contains no graph with all its connected components of the
form Si,j,k . Since L−1(Hi) is a ﬁnite set (it contains only graphs with |V (Hi)| edges and
no isolated vertex), so are L−1({H1, . . . , Hp}) and Cl(L−1({H1, . . . , Hp})). Now to prove
the second part, we only need to consider graphs in L−1({H1, . . . , Hp}) since the property
of having all connected components of the form Si,j,k is closed with respect to partial
subgraphs. Clearly, for any i, the connected components of Hi are the line graphs of the
connected components of any graph in L−1(Hi). Hence no graph in L−1(Hi) can have all
its connected components of the form Si,j,k , otherwise Hi would have all its connected
components of the form Ai,j,k . 
We can now prove our main Theorem.
Theorem 6. MCP isNP-hard in {H1, . . . , Hp}-free graphs, where p is ﬁnite and each
Hi has at least one connected component which is not of the form Ai,j,k .
Proof. Consider an instance G of MSP in Cl(L−1({H1, . . . , Hp}),K3)-free graphs, which
isNP-hard according to Lemma 5. From Fact 4, L(G) is (H1, . . . , Hp)-free. Further,
since G is K3-free solving MSP on it is equivalent to solving MCP on L(G), and hence to
solving MCP on L(G), which is {H1, . . . , Hp}-free. 
For p = 2, mostNP-hard cases obtained by Theorem 6 are already obtained in [12].
However, we have the following new ones:
• {K3 ⊕K1, H }-free graphs, where H is a forest of at least ﬁve vertices and of maximum
degree at least three (corresponds to Problem 2 in [12]);
• {C4 ⊕ K1, H }-free graphs and {Ck,H }-free graphs (k6), where H contains a partial
subgraph of 2K2 as an induced subgraph (corresponds to Problem 3 in [12]).
For larger values of p, any combination of graphs with connected complement, none of
which has the form Ai,j,k provides anNP-hard case. If we list those which are minimal
(with respect to induced subgraphs) up to 5 vertices, we have that MCP isNP-hard in
{4K1, 2K1 ⊕ K2, 2K2,K1 ⊕ K3, C5, C4 ⊕ K1}-free graphs. Indeed, the complement of
each graph in the above list has one connected component, and it is not of the form Ai,j,k .
For instance, 2K1 ⊕K2 is aK4 without an edge. Since it contains two triangles, it is not an
Ai,j,k . Another interesting class providing anNP-hard case is {C5, P5} ∪ (⋃ki=7 Ci)-free
graphs for any ﬁnite k: it is contained in the class of (
⋃
i2 C2i+1) ∪ (
⋃k
i=2 C2i+1)-free
graphs, where MCP is hence NP-hard, while the class of perfect graphs, where MCP
is polynomially solvable [10], is the class of (⋃i2 C2i+1) ∪ (
⋃
i2 C2i+1)-free graphs
(see [4,6]).
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